Instituut voor Theoretische Natuurkunde
Nijenborgh 4
9747 AG Groningen

TENTAMEN RELATIVISTIC QUANTUM MECHANICS
Monday 07-02-2011, 14.00-17.00

On the first sheet write your name, address and student number. Write your name on all
other sheets.

This examination consists of four problems, with in total 18 parts. The 18 parts carry
equal weight in determining the final result of this examination.

B =c = 1. The standard representation of the 4 x 4 Dirac gamma-matrices is given by:
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PROBLEM 1

A spinor field transforms under Lorentz transformations as
¥'(z') = S(A)(z), (1.1)

where A is the Lorentz transformation matrix and z#' = A¥,z".
1.1 Write down the Dirac equation for the free spinor field.

1.2 Prove that covariance of the Dirac equation under Lorentz transformations implies

STHAIYS(A) = Aty (1.2)

1.3 Consider a Lorentz transformation corresponding to a boost with velocity v in the
z!'-direction, that is

22 = 4(z° —va'), ! =q(-va®+z'), =2, 2% =2°,

where
1

15 Fomw:
Write the Lorentz matrix A#, for this transformation. For infinitesimal Lorentz trans-

formations we write
AR, = 0b kel (1.4)

Also give e*,, for the transformation of (1.3), in the approximation of infinitesimal v .

1.4 For infinitesimal Lorentz transformations we set

o S=1+48S.
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Obtain the equation for §S using equations (1.2) and (1.4).

1.5 Obtain the solution for 5 for the approximation of infinitesimal v.

PROBLEM 2
In the quantisation of the electromagnetic field one starts with the Lagrangian density

Ly =-1F, Fw (2.1)

where Fy,, = 8,4, — 6,4,.

2.1 The fields A,(z) are taken to be the canonical coordinates. Determine the corre-
sponding canonical momenta. Why are these coordinates and momenta, inconvenient
for the standard procedure of canonical quantisation?

2.2 Argue that an arbitrary field Au(z) is physically equivalent to another field A, (z)

which satisfies
AR =0,

2.3 Now we modify the Lagrangian density by including an additional term:
Ly = —1F, F* — 1(§,4A%)2. (2.2)
Determine the canonical momenta for the Lagrangian density (2.2).

2.4 Derive the equation of motion for the field Au(z) from the Lagrangian density (2:2).

2.5 To make the quantum theory which follows from (2.2) equivalent to ordinary electro-
dynamics, which follows from (2.1), we have to somehow set Oy A* equal to zero.
Explain, without going into extensive mathematical detail, how this should be done.

PROBLEM 3

Consider the theory of a scalar field ¢(z), with the Lagrangian density
L= 30,4(2)0"$(z) - sm?¢(z)$(z).

The expansion of ¢(z) in plane waves is

é(z) = / e (a(k)e™*= + ot (k)eite)

3.1 What is the canonical momentum 7 (z) corresponding to the coordinate ¢(z)?

3.2 Given that classically {¢(¢, %), 7(t, 7) }pp = 6°(% — #), what is the result of the equal-
time commutation relation

[6(2), 7()]z0=y0 (1.2)
for the quantum operators ¢ and 7?

3.3 Show that (z° # y°!)

N= [ Lk (iren) _etihamn) (1.3)
[¢($), d’(«)] (27r)32wk kO=w;
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3.4 Using the result of (1.3) evaluate

[¢($), ay°¢(y)] 3

and show that in the limit 2z° — y° the result of (1.2) is obtained.

PROBLEM 4

In a scattering process the particles in the initial and final state are considered to be
free relativistic particles.

Consider the elastic scattering process between two electrons:
€1 +ex —Yegteq;
with four-momenta k%, kb, k%, kf. The spatial momenta satisfy (center of mass frame)
ki+k=0.

The electrons have mass m.

4.1 What is the value of (ki)*(k;), fori=1,...,47

4.2 What is the value of 753 + k4?

4.3 Show that the energies of the four electrons are equal.

4.4 Choose a coordinate system such that the spatial momentum of e; is
1 = (k,0,0).

We now perform a Lorentz boost in the z! direction. On the momenta this acts as on

the coordinates:
K =k —vkl), k' =oq(—vk+ k), K'=k, k'=k,

where the index i = 1,...,4 indicates the four electrons and v = 1/v1—22.
Calculate Ea' + 754’ in this new coordinate system.




